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Abstract 

By a suitable choice of variables we show that every Connes-Lott model is a 
Yang-MiUs-Higgs model. The contrary is far from being true. Necessary conditions 
are given. Our analysis is pedestrian and illustrated by examples. 
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Despite its impressing success in describing particles and interactions, the Yang-Mills-Higgs 
(YMH) model building kit has conceptual short comings: 



• its rules are essentially unmotivated, 

• its comphcated input comprising a Lie group and three representations is only jus- 
tihed by experiment, 

• the model singled out by more and more precise experiments, namely the standard 
SU{3) X SU{2) X U{1) model of electro-weak and strong interactions, is ugly and 
nobody reaUy beheves it to be the last word. 

Concerning the hrst two points, the Connes-Lott (CL) model building kit |]T| does better. Its 
rules have a precise motivation from non-commutative geometry and its input, comprising an 
involution algebra and two representations, is infinitely more restricted than the YMH input. 
Nevertheless, the standard model is also a CL model |, ||, §], a fact that by itself does 
not improve its beauty, but that perhaps allows unification with gravity. Indeed, the Einstein- 
Hilbert action as well may be formulated naturally in the setting of non-commutative geometry 
i, 1,0. 

The purpose of this work is to show that the CL models represent a very small subset of 
the YMH models, where we restrict ourselves to "local" models, i.e. models defined on trivial 
bundles. Also we restrict ourselves to CL models defined by means of a finite dimensional 
algebra A tensorized with the algebra of functions on (a compact, Euclidean) "spacetime" of 
dimension 4. These particular models can be computed with elementary mathematics and 
compare naturally to YMH models. Models whose algebras are not such tensor products, as the 
non-commutative torus 0, the fuzzy sphere |]10| or a quantum space time are much more 



involved mathematically and appear as natural candidates for the above mentioned unification. 



1 Yang-Mills-Higgs models 

Let us first set up our notations of a YMH model. It is defined by the following input: 

• a finite dimensional, real, compact Lie group G, 

• a positive definite, bilinear invariant form on the Lie algebra g of G, this choice 
being parameterized by a few positive numbers gt, the coupling constants, 

• a (unitary) representation pi on a Hilbert space Ti/, accommodating the left handed 
fermions ipL, 

• a representation on Hr for the right handed fermions ipR, 

• a representation ps on Hs for the scalars ip. 
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• an inyariant, positive polynomial V{(p), (p e Hs of order 4, the Higgs potential, 



• one complex number or Yukawa coupling gy for every trilinear invariant, i.e. for 
every one dimensional invariant subspacc, "singlet", in thc decomposition of the 
representation associated to {Hl ®Hr(^ Hs) ® {Hl (^Hr(^ H*s) ■ 

The standard model is dehned by the following input: 

G = SU{2,) X SU{2) X U{1) 
with three coupling constants g3,g2,gi, 



' ' 1,2,-1) ©(3, 2,1) 



(1) 
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Hr = 0[(1, 1,-2) ©(3, 1,^)0(3,1,-^) 
Hs = (1,2,-1), 

where (7^3,7^2, y) denotes the tensor product of an 77,3 dimensional representation of SU{3), an 
7^2 dimensional representation of SU{2) and the one dimensional representation of U{1) with 
hypercharge y: 

p{e'')=e'y', yeq, ^e[0,27r), 

V{ip) = A((^V)2 - ^ip*ip, ipeHs, X,fi> 0. 

There are 27 Yukawa couplings in the standard model. 

The gauge symmetry is said to be spontaneously broken if every minimum v e Hs of 
the Higgs potential is gauge variant, ps{g)v 7^ v for some g & G. Any such minimum v is 
called a vacuum. For simplicity let us assume that the vacuum is non-degenerate, i.e. all 
minima lie on the same orbit under G. Then, the little group Gg is by deiinition the isotropy 
group of the vacuum, p{ge)v = v. For examplc, in the standard model any doublet of length 
^/ip*ip = p/ (2\/A) is a minimum and the little group is G^ = SU (3) x U (l)em- To do perturbation 
theory, we have to introduce a scalar variable h, that vanishes in the vacuum, 

h{x) := (p{x) — V, 

X a point in spacetime M. With this changc of variables, the Klein-Gordon Lagrangian is 
(D(/9)* * D(/9. Thc Hodgc star *■ should be distinguishcd from the Hilbert space dual ■*, wedge 
symbols arc suppressed. Wc denote by D the covariant cxterior dcrivativc, hcrc for scalars 
D(/9 := dip + ps{A)ip, p is now a multiplct of fields, i.e. a 0-form on spacctimc with valucs 
in the scalar representation spacc, p G Q^{M,Hs), while the vacuum v rcmains constant over 
spacetime so that it also minimizes the kinetic term dip** dip. The gauge fields are l-forms with 



values in the Lie algebra of G: A e Q^{M, 0), ps denotes the Lie algebra representation on Hs- 
The Klein-Gordon Lagrangian produces the mass matrix for the gauge bosons A. This mass 
matrix is given by the (constant) symmetric, positive semi-definite form on the Lie algebra of 
G, 

{ps{A)vy ps{A)v. 

It contains the masses of the gauge bosons and vanishes on the generators of the httle group. In 
the example of the standard model, the little group is generated by the gluons and the photon 
which remain massless. 

In the following we are more concerned with the fermionic mass matrix m, a linear map 
M : Hr — > Ti.L- We want to produce it in the same way we produced the mass matrix for the 
gauge bosons, via the change of variables h{x) :— (fi{x) — v. For this purpose, we add by hand 
to the Dirac Lagrangian gauge invariant trilinears 

n m 

^9Yj{'^*L,'il^R,'p)j+ gYj^^l,'^^,^*)^ + complex conjugate, (2) 

j=l j=n+l 

n is the number of singlets in (TY^ ® T^r Ti.s), m+n the number of singlets in (Ti^ <S> Ti.R (S> Ti^s). 
For h = again, we obtain the termionic mass matrix m as a. tunction of the Yukawa couplings 
gyj and the vacuum v 

n m 

ll^lMljjR := X] 9Yj {i^l, i^R, v)j + 9Yj (^I, -0«, V*)j . 

j=l j=n+l 

As the gauge boson masses, the fermionic mass terms ip^^MipR are not gauge invariant in general. 
They are gauge invariant if PL{g~^)MpR{g) = M for all g & G and in analogy with the little 
group, we define Gm to be the subgroup of G, that leaves M invariant, 

pL{gM)MpR{gM) = M for all g^ e Gm- 

In the standard model with its 27 Yukawa couplings, the mass matrix m can be any matrix 
yielding mass terms invariant under the little group. 

In general however, the little group is only a subgroup of Gm, 

Gi C Gm- 

For example, if we modify the standard model by choosing the scalars in the adjoint represen- 
tation ol SU{2) then the little group becomes G(, = SU{3) xC/(l) xU{l), there are no trilinear 
invariants, the mass matrix m vanishes, and Gm = SU{3) x SU{2) x U{1). 

2 Connes-Lott models 

With the two specializations mentioned in the introduction, a Connes-Lott model is defined by 
the following choices: 
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• a Anite dimensional, associative, algebra A over the Aeld M or C with unit 1 and 
involution *, 

• two *- representations of A, pi and pr, on Hilbert spaces Hl and Hr over the field, 
such that p := pl (B Pr is faithful, 

• a mass matrix m i.e. a linear map M : Hr — > Hl, 

• a certain number of coupling constants depending on the degree of reducibility of 
Pl © Pr- 

The data {Ti.LjTi.R, m) plays a fundamental role in non-commutative Riemannian geometry 
where it is called K-cycle. 

With this input and the rules of non-commutatative geometry, Connes and Lott construct a 
YMH model. Their starting point is an auxiliary differential algebra QA, the so called universal 
differential envelope of A: 

D,^A is generated by symbols 5a, a & A with relations 

51 = 0, 5{ab) = {5a)b + a5b. 
Therefore fl^A consists of finite sums of terms of the form ao5ai, 

fl^A= i^al5a{, al,a{eA^ 

and likewise for higher p, 

n^A = a^oK-^, e A^ . 

The differential 5 is dehned by 5{ao5ai...5ap) := 5ao5ai...5ap. 

Two remarks: The universal differential envelope flA of a commutative algebra A is not 
necessarily graded commutative. The universal differential envelope of any algebra has no 
cohomology. This means that every closed form cu oi degree p > 1, 5u! = 0, is exact, uj = 5n 
for some {p — l)form k. 

The involution * is extended from the algebra A io O^Ahy putting 

{5aY := 5{a*) =: 5a* . 

Note that Connes dehnes {5a)* := —5{a*) which amounts to replacing 5 by i5. With the 
dehnition {ujk)* = k*uj*, the involution is extended to the whole differential envelope. 



A 



The next step is to extend the representation p : = 
algebra A to its universal differential envelope VlA. 
Connes' algorithm and deserves a new name: 



pL (B Pr on H := Hl © Hr from the 
This extension is the central piece of 



n-.nA — > End{H) 

n{ao5ai...5ap) := {-i)'P p^ao^lD, p{ai)]...[V, p{ap)] (3) 



where T> is the linear map from H into itself 

M 





In non-commutative geometry, V plays the role of the Dirac operator and we call it internal 
Dirac operator. Note that in Connes' notations there is no factor {—i)^ on the rhs of equation 
A straightforward calculation shows that tt is in fact a representation of QA as involution 
algebra, and we are tempted to define also a differential, again denoted by 5, on 7i{QA) by 

571(00) := n{5uj). (4) 

However, this definition does not make sense if there are forms uj G QA with 7[{uj) = and 
7r{5uj) 0. By dividing out these unpleasant forms, Connes constructs a new differential 
algebra QtiA, the interesting object: 

with 

J:=7r(5ker7r) =: 

p 

{J for junk). On the quotient now, the differential (^) is well defined. Degree by degree we 
have: 

nlA = p{A) 

because J° = , 

Vl\,A = 7i{Q}A) 
because p is faithful, and in degree p > 2, 

7r(fiM) 



^ 7r(5(ker7r)P-i)' 

While QA has no cohomology, QdA does in general. In fact, in infinite dimensions, if JF is the 
algebra of complex functions on spacetime M and if the K-cycle is obtained from the Dirac 
operator then Q aj-" is de Rham's differential algebra of differential forms on M. 



We come back to our Ĕnite dimensional case. Remember that the elements of the auxihary 
differential algebra QA that we introduced for book keeping purposes only, are abstract entities 
defined in terms of symbols and relations. On the other hand the elements of Qt>A., the "forms" , 
are operators on the Hilbert space 7i, i.e. concrete matrices of complex numbers. Therefore 
there is a natural scalar product defined by 

<cu,k>:= ti{6j*k), d) , k e tt (rP A) (5) 

for elements of equal degree and by zero for two elements of different degree. With this scalar 
product flTiA is a subspace of tt{QA), by definition orthogonal to the junk. As a subspace, 
QvA inherits a scalar product which deserves a special name ( , ). It is given by 



(iU, K 



<UJ,Pk>, U!,KeQ^A 



where P is the orthogonal projector in tt{QA) onto the ortho-complement of J and uj and k are 
any representatives in the classes uj and n. Again the scalar product vanishes for forms with 
different degree. For real algebras, all traces must be understood as real part of the trace. 

In Yang-Mills models coupling constants appear as parameterization of the most general 
gauge invariant scalar product. In the same spirit, we want the most general scalar product on 
^{^IA) compatible with the underlying algebraic structure. It is given by 

< LJ, k >z:= ti {LJ*k z), u^kEn^n^A), (6) 

where 2; is a positive operator on Ti, that commutes with p{A) and with the Dirac operator V 
and that leaves TYl and T-Ir invariant. A natural subclass of these scalar products is constructed 
with operators z in the image under p of the center of A. 

Since tt is a homomorphism of involution algebras the product in ^l-pA is given by matrix 
multiplication followed by the projection P. The involution is given by transposition and 
complex conjugation, i.e. the dual with respect to the scalar product of the Hilbert space 



Ti.. Note that this scalar product admits no generalization. W. Kalau et al. |T2[ discuss the 
computation of the junk and of the differential for matrix algebras. 

At this stage there is a first contact with gauge theories. Consider the vector space of 
anti-Hermitian l-forms {H G Q\,A, H* = —H} . A general element H is of the form 

'0) 

with h a finite sum of terms PL{cio)[PL{cii)M — J^PR^ai)] : Hr Hl ao,ai G A. These 
elements are called Higgses or gauge potentials. In fact the space of gauge potentials carries an 
affine representation of the group of unitaries 

G:={ge A, gg* = g*g = 1} 

defined by 

H<^ := p{g)Hp{g-')+p{g)5{p{g-')) 



= p{g)Hp{g-') + {-i)p{g)[V,p{g-')] 
= p{g)[H-iV]p{g-')+iV 



— i 



y 

(h^)* 



with — M := pL{g)[h — M]pR{g ^). H^ is the "gaugc transformcd of H" . As usual cvcry 
gauge potential H deiines a covariant derivative 6 + H, covariant under the left action of G on 

^uj := p{g)oj, oj e Q.vA 

which means 

{5 + H<^) = ^[{b + H)u] . 
Also we define the curvature C of by 

C:=5H + H'^ enlA. 

Note that here and latcr, H^ is considcrcd as clcmcnt of VL^A which means it is the projection 
P apphed to H"^ e -k^^L^A). The curvature C is a Hermitian 2-form with homogeneous gauge 
transformations 

C^ :=.5(i/^) + (i/^)^ = p((?)Cp(^?-i). 

Pinally, we define the prehminary Higgs potential Vo{H), a functional on the space of gauge 
potentials, by 

Vo{H) := (C,C) = tT[{SH + H'')P{5H + H% 

It is a polynomial of dcgrcc 4 in H with rcal, non-negative values. Purthermore it is gauge 
invariant, Vo{H^) = Vq{H), bccause of the homogeneous transformation property of the cur- 
vature C and bccause the orthogonal projector P commutes with all gauge transformations, 
p{g)P = Pp{g). The most remarkablc propcrty of the preliminary Higgs potential is that, in 
most cases, its vacuum spontaneously breaks the group G. To see this, dehne 



Vg := -i / n{g ^6g) dg 

J G 



where dg is the Haar measure of the compact Lie group G. Thus Vg is in Q}jyA, unlike the 
internal Dirac operator V which is not necessarily in Vl\)A, see the next example. Moreover 



where 



p<.^p-XM.-'w.)d«^(4 7) 

Mg:= M- I pL{g~^)MpR{g) dg. 

J G 



Note that m — Mg leads to gauge invariant mass terms and Gmg — Gm- We now introduce 
the change of variables 

^■.= H-tVG=:t[^. (7) 

with (f = h — Mg. Then, assuming of course gauge invariant internal Dirac operator, = D, 
$ is homogeneously transformed into 



= H<^- iV% = p{g) [H - W]p{g-') +iV-iV + i [ p{g'-')Vp{g') dg' 

= p{g) \^H -[iV-i j^p{g'-')Vp{g') d^')] p{g-') = p{g)<^ p{g-^) , (8) 



and 

= pL{g)vpR{g~^)- 

Now /i = 0, or equivalently ip = —Mg, is certainly a minimum of the preliminary Higgs potential 
and this minimum spontaneously breaks G if it is gauge variant and non-degenerate. 

Consider two extreme classes of examples, vector-hke and left-right models. 

A vector-like model is dehned by an arbitrary internal algebra A with identical left and 
right representations, p^ = Pr, and with a mass matrix proportional to the identity in each 
irreducible component. As we shall see, every vector-hke model produces a Yang-Mills model 
with unbroken parity and unbroken gauge symmetry, Gm = G^ = G, as electromagnetism or 
chromodynamics. Since V and p commute, the internal differential algebra is trivial, fl^A = 
for p > 1, and the space of Higgses is zero, H = 0. The new variable $ vanishes as well, because 
Vg vanishes: 

/ pL{g~^)MpR{g)dg = / pL{g-^)MpL{g) dg = / pL{g-^)pL{g)Mdg = / Mdg = M. 

J G J G J G J G 

The preliminary Higgs potential vanishes identically, but its minimum is non-dcgcncratc. In this 
example, thc simplcr variable ^ = H — iV would not be in a vcctor space, because V ^ Q]jA. 

We definc a left-right modelhj an internal algebra consisting of a sum of a "left-handed" and 
a "right-handcd" algebra, A = Al®Ar with the left-handed algebra acting only on left-handed 
fermions and similarly for right-handed 

PL{aL,aR) = PL{aL,0), PR{aL,aR) = Pr^O^ur), ul e Al, a^ e Ar. 

Now, any non-vanishing fermion mass matrix breaks the gauge invariance, Gm G, m ^ 0. 
At the same time, the internal Dirac operator is a l-form, V = Vg £ fl])A, because 

/ pL{g~^)MpR{g)dg = / pL{gl^,l)MpR{l,gR)dgLdgR 

JG JGl^Gr 



In left-right models, we have ^ = H — iD. A more interesting, intermediate example will be 
discussed in section 3.1 below. 

In the next step, the vectors iJjl, ipR, and H are promoted to genuine helds, i.e. rendered 
spacetime dependent. As already in classical quantum mechanics, this is achieved by tensorizing 
with lunctions. Let us denote by JF the algebra of (smooth, real or complex valued) lunctions 
over spacetime M. Consider the algebra At '.= ® A. The group of unitaries of the tensor 
algebra At is the gauged version of the group of unitaries of the internal algebra A, i.e. the 
group of functions from spacetime into the group G. Consider the representation pt := i(S>p of 
the tensor algebra on the tensor product Tit := S ^Ti, where S is the Hilbert space of square 
integrable spinors on which functions act by multiplication: {fip){x) := f{x)il){x), f ^ T , ip & 
S. The delinition of the tensor product of Dirac operators, 

Vt:= ^®l + l^®V 

comes from non-commutative geometry. We now repeat the above construction for the infinite 
dimensional algebra At and its K-cycle. As already stated, for A = C, Ti = C, A4 = the 
differential algebra O.-D^.At is isomorphic to the de Rham algebra of differential forms ^(M, C). 
For general A, using the notations of |Q, an anti-Hermitian l-form Ht G VL\y^At, 

Ht = A + H, 

contains two pieces, an anti-Hermitian Higgs field H G Q^{M, Q]^A) and a genuine gauge field 
A G Q^{M, p{q)) with values in the Lie algebra of the group of unitaries, q := {X G A, X* = —X} , 
represented on TC. The curvature of H^ 

Ct:=StHt + Hf enlAt 

contains three pieces, 

Ct = C + F- D$75, 
the ordinary, now a;-dependent, curvature C = 6H + H^, the field strength 

F:= dA + ^[A,A] en'{M,p{s)) 
and the covariant derivative of $ 

D$ = d<l> + [A, $] en\M, n\,A) . 

Note that the covariant derivative may be applied to $ thanks to its homogeneous translorma- 
tion law, equation (||). 

The definition of the Higgs potential in the inlinite dimensional space 

Vt{Ht) :={Ct,Ct) 



n 



requires a suitable regularisation of the sum of eigenvalues over the space of spinors S. Here, we 
have to suppose spacetime to be compact and Euchdean. Then the regularisation is achieved by 
the Dixmier trace which allows an exphcit computation of Vt. One of the miracles in CL models 
is that Vt alone reproduces the complete bosonic action of a YMH model. Indeed it consists of 
three pieces, the Yang-Mihs action, the covariant Klein-Gordon action and an integrated Higgs 
potential 

Vt(A + H)= [ ti{F*Fz)+ [ tr(D$* * D$z) + / *V{H). (9) 
JM Jm Jm 

As the prehminary Higgs potential Vo, the (final) Higgs potential V is calculated as a function 
of the fermion masses, 

V -.= ^0- tr [aC*aC z] = tr [{C - aC)*{C - aC) z]. 

The linear map a : n^^A — > p{-^) + vr((5(ker tt)^) is determined by the two equations 

tr [R*{C -aC)z] = for all i? G p(^), (10) 
ti [K*aCz] = for aU K G 7r(5(ker7r)^). 

All remaining traces are over the finite dimensional Hilbert space Ti. Note the "wrong" signs of 
the first and third terms in equation (j^). The signs are in fact correct for Euclidean spacetime. 

Another miracle happens in the fermionic sector, where the completely covariant action 
tp*{T>t + iHt)tp reproduces the complete fermionic action of a YMH model. We denote by 

^P = ^L + ^R eHt = S ® {Hl® Hr) 

the multiplets of spinors and by ip* the dual of ip with respect to the scalar product of the 
concerned Hilbert space. Then 

r{Vt+iHt)^ = [ *r{^+ii{A))i,- [ *{rLhi5^R+rRh*^5^L) 

Jm Jm 

+ * {rM^j^ipR + rRM^^j^ipL) 

JM 

= / *r{^+ii{A))^ - ^^rL^ib^R + ^^^R^^ib^L) 

Jm Jm 

+ * {ri-M - Mg)15^R + r^iM - A4g)*75^l) (H) 
JM 

containing the ordinary Dirac action and the Yukawa couplings. If the minimum = v is 
non-degenerate, we retrieve the input fermionic mass matrix m on the output side by setting 
the perturbative variables h to zero in the first equation in (|11|). The rhs of the second equation 
in (p!l| ) is the fermionic action written with the homogeneous scalar variable ip. The second 
term yields the trilinear invariants (0) with Yukawa couplings fixed such that m is the fermionic 
mass matrix. As already pointed out, the third term is an invariant mass term and therefore 

1 n 



admissible in a YMH Lagrangian. Consequently every CL model with non-degenerate vacuum 
is a YMH model with Ti^ = {H G H* = —H} . Note that Hs carries a group represen- 

tation, that is not necessarily an algebra representation and we have the following inclusion 
of group representations Hs C (7-^2 ® T^r) © i.'^*R ® T^l) ■ Furthermore Ge = Gm = Gmg- 
We have nothing to say about degenerate vacua i.e. minima of the Higgs potential, that lie on 
distinct gauge orbits. In fact, whether these are allowed in YMH models is a question of taste 
for some, a question of quantum corrections for others. We shall indicate a few examples. A 
final remark concerns the unusual appearance of 75 in the fermionic action (pJ]). Just as the 
"wrong" signs in the bosonic action (|^), these 75 are proper to the Euclidean signature and 
disappear in the Minkowski signature. 

Thomas Schucker CPT, case 907 F-13288 Marseille cedex 9 tel.: (33) 91 26 95 32 fax: (33) 
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3 Examples with degenerate vacua 
3.1 Discrete degeneracy 

Our first example is in between vector-like models, Mg = 0, and left-right models, Mg = a^, in 
the sense that here Mg 7^ and 7^ m. Choose as internal algebra A = M^^C), the algebra of 
complex 2x2 matrices. Both left- and right-handed fermions come in N generations of doublets, 
Hl^Hr = C^ ® C^. These Hilbert spaces carry identical left and right representations 



The fermion mass matrix is chosen block diagonal to ensure conservation of the electric charge. 



mi and are complex N x N matrices which should be thought of as mass matrices of the 
quarks of electric charge 2/3 and -1/3 and we suppose them different, mi 7^ m^. Then 



pL{a) = pR{a) := a® l^r. 



ae A. 



Gm = U{1): 





I2 ® -ijni + m^) + 0-3 (g) -(mi - m^) 
-/ 9~^h9dg^hmi + m2) - [ 



JU{2) 



U{2) 



g ^cr-sgdg (g) -(mi - m^) 



1 



where we have put : = 



1 








1 



) 



, /i := mi — m^, and we have used the identity 




1 1 



A general component of the Higgs field takes the form h = hi ^ fi, hi being an arbitrary 
Hermitian 2 x 2-matrix. Likewise ip = ipi ® p and ipi = hi — 1/2^-^. In these variables, the 
Higgs potential can be computed to be 

V{H) = 2 (^tr - ^^^^) tr [{ip, + 1^/2)^ {ip, - l,/2)\ . 

z is necessarily a positive scalar and we have put z = I/^n- For = 1 generation, the Higgs 
potential vanishes identically, and any point in Tis is minimum. The situation is more exciting 
in presence of two or more generations . Then, the minima lie on three disconnected pieces, the 
orbit oiip = —Mg with little group = Gm = U{1), and two isolated points (pi = ±1^/2 with 



little group Gi = U{2). We may wonder if quantum corrections IjT^ do lift this degeneracy and 
if so, in favor of which vacuum. 

Since T>g is a l-form, one can compute the curvature of the Higgs iVG'. 



S {Wg) + {WgY =21*^ [^^*] ~ o hr Air ) I4 ® l7v, for all A^. 



Remark that, in the similar looking model by M. Dubois-Violette, R. Kerner & J. Madore [p!5|] , 
this curvature vanishes. 



3.2 Continuous degeneracy 

In the last example we had a finite, discrete degeneracy: the vacuum consisted of three dis- 
connected orbits. Now we would like to present a left-right model with continuous degen- 
eracy, the orbits of minimum will lie on a horizontal gutter. Consider the complex algebra 
A = M2{C) © C © C with representations on Hl = C^, T-Cr = given by 

PL{a,b,b') = a, p^j(a,6,6') = (q ='■ a E M^^C), {b,b') e C ® C. 

Let the mass matrix be as in the last example with one generation, 

fmi \ , , / , , 

M = [ , mi, 777-2 G C, |777i| 7^ |7772|. 

V U 7772 / 

Recall that for any left-right model we have Mg = m and Vg = V. A general element of Q]yA 
is of the form 

7i{{ao,bo,b'Q)5{ai,bi,b[)) = i 

= H 

As element of ir^il^^A), SH is 

SH = Tr{S{ao,bo,b'Q)S{ai,bi,b'^)) 





-M*Bo{a, - Bi] 





h* 



ao{ai — Bi)m 


hiM 
M*hl 



hi,hi e M^i 



1 o 



[ao - BQ)MM*{ai - Bi) 

M*{ao - Bo){ai - Bi)m 

S(ao - Bo){a, - B^) + A{ao - Bo)(Xs{ai - B^) 

M*{ao - Bo){ai - Bi)m 

where we have used the decomposition 

|mip 



MM 



Im^l 



SI2 + Aag 



with 



S:=^(|mi|2 + |m2n, A := ^{\m,\' 



\m2\ 



A general element in (ker tt)^ is a hnite sum of the form J2j{(^o, bo, bo)6{a{, b{, 6'/) with the two 
conditions 



J2ai{a{-Bi: 



M = 0, M* 



Y.Bl{a{-Bi] 



0. 



Therefore the corresponding general element in 7r((5(ker tt)^) is 

^Y.A<-Bl){a{-Bi)+AY.M-Bi)crM-Bi) 

still subject to the two conditions. Recall that A 7^ by assumption and we have the following 
inclusion 



.me..Y)^{[^^'f''-< l), E*^ = oU{(^; «), k^M,(C) 







To prove the last equality, we note that the subspace is a two-sided ideal in the rhs and non- 
zero. The algebra M^^C) being simple the subspace is the whole algebra. Consequently the 
junk is 

k 0' 



j2 = 7r((5(ker7r)i) = |(^Q ^), fc G M^^C) 

Now we compute the quotient O^A = ti{VL^A)/J'^ as orthogonal complement of the junk in 
Ti{VL^A) with respect to the scalar product (^ with z = I4, 



nlA 





M*CiM 



, CiGM2(C)|. 



Let us recapitulate: 



n^A 



a 
B 



a E M2(C), B 



b 
b' 



hiM 
M*h\ 



, /ii,/ii G M2( 





M*CM 



ceM2(c) . 



Since tt is a *-homomorphism, the product in CljjA is given by matrix multiphcation foUowed 
by the projection 

and the involution is givcn by transposition and complex conjugation. In order to calculate the 
differential S, we went back to the differential envelope: 

" -M*{a-B) J ^^^^-^' 



S : i 







hiM 



Let now 



M*hl 



H 











h 



,0 M*{hi + hl)M 

/iiA^ 



G nlA. 



h* OJ \M*hl 
be a Higgs. Its homogeneous variable is 







V9 



, /ii e M2(c), 







ipiM 



.9?* Oy VA4''v9{ 

In other words ipi = hi — I2 is an arbitrary, complex 2x2 matrix. Under the group of unitaries 
G = U{2) X U{1) X U{1), it still decomposes into two irreducible pieces, its two column vectors, 
(fi =: {(fiii, (pu)- In terms of these variables, the curvature reads 







M CM ' ^ 



C:=SH + H^-- 

with c = hi + hl — h\hi = I2 — PiPi. The preliminary Higgs potential is 



Vo{H) = tr 



tr 



M*{h - (P*i(Pi)m)^ 
= \mi\^ + jm^l^ + \mi\'^{(p*ii(pii)'^ + \m2\'^{(p*i2<fi2)'^ 

-2|mi|Vii</'ii - ^lm^l^i^^/^i^ + Slmil^lm^l^^t/Jn^/^i^)^'/'*^'/:'^)- 

Its minimum is non-degenerate and spontaneously breaks the gauge symmetry. However with 

/0 \ 

n n n n 

aC = 




ImiPcii 








Vo 







m2rC22/ 



the Higgs potential 



V = tr 



{C-aC)^ = 2|mi|V2r |<^n</' 
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has continuously degenerate vacua which also include the gauge invariant point, (pu = (pi2 = 0. 
Indeed, the Higgs potential vanishes if and only if the two complex doublets (pu and (pi2 are 
orthogonal, irrespective of their lengths. Pinally, we remark that the Higgs potential has only 
symmetry breaking minima for two and more generations. 



3.3 Complete symmetry breakdown 

We have seen that, in CL models with non-degenerate vacuum, the httle group coincides with 
Gm- The latter is controUed immediately by the input. We take advantage of this to construct 
a model with complete, spontaneous symmetry breakdown, i.e. hnite httle group. Consider a 
left-right model with real internal algebra ^ = H® C, Al = H being the quaternions, and two 
generations of fermions 

a 



PL{a, 6) = a (8) I2 



a 

B 
B 



We choose the mass matrix 

' Mi 



a e 



6 e C, B :-- 



m 



h 

h* 



mi 

m^ / \m 



with mi, 777.2, m e R, mi 7^ m^, m 7^ 0. Therefore Gm = A general l-form is a finite sum of 
terms 



H = -i7r((ao, ho)S{ai, hi)) =i 



/ hiMi \ 

h2M2 

Mih 

V M2h2 y 



with 



hi := ao{ai - Bi), h^ := «0(01 - B^), 
h := -Bo{ai - Bi), h^ := -B*{ai - 5*), 



After the iinite summation, the four quaternions hi,h2,hi, h^ are independent in general. The 
junk in degree two is 



7r(5(ker tt)^) 



fi{ml-ml)k 0\ 





oy 



, k e 



and 



SH 



fl{ml + ml){hi + hi) 



\ 









m^{h2 + h2) 

Mi{hi + hi)Mi 

M2{h2 + h2)M2J 



A Higgs, an anti-Hermitian l-form, is characterized by two independent quaternions, hi and 
h2, 



h 



/ hiMi 
V h2M2 J ' 



/(piMi 

V (P2M2 J ' 



with ipj — hj — I2, j — 1,2. Let us decompose each quaternion 



into its two column yectors 

They dehne the irreducible pieces of the Higgs under a unitary transformation g — (92,91) £ 
SU{2) X U{1): 

<^ii = 92^n9i^, ^21 = 92^2191- 

In other words the Higgs consists of two complex ^'[/(^^-doublets with opposite C/(l)-charges. 
Note that if M2 was also diagonal, we would only have one complex Higgs doublet. Now the 
computation of the Higgs potential is lengthy, but straightforward. In terms of the two doublets, 
the result for 2; = Ig is 

V{H) = {ml + m^) [1 - (fn(piif + 2m^ [1 - (P2i<f2if - {m\ + ml)m^ [1 - (pli^pn] [1 - (pli^p^i] ■ 

The Higgs potential is zero if and only if both complex doublets ipn and ip^i havc lcngth one. 
Since their relative orientation is arbitrary and gauge invariant, the vacua are continuously 
degeneratc. However, in every vacuum, all four gauge bosons are massive and the four masses 
are indcpcndcnt of the rclativc orientation. Purthermore, the little groups of all vacua are equal, 
= { — 1, +1}, as expected. 



^), ^j,yj^<c 



4 Necessary conditions 

One may very well do general relativity using only Euclidean geometry. Still, we agree that 
Riemannian geometry is the natural setting of general relativity. A main argument in favor 
of this attitude is that there are infinitely more gravitational theories in Euclidean geometry 
than in Riemannian geometry. The same is true for the standard model. Its natural setting, 
to our taste, is non-commutative geometry. The fact that today's Yang-Mills-Higgs model of 
electro-weak and strong interactions falls in the infinitely smaller class of Connes-Lott models 
is remarkable. The purpose of this section is to show in what extent it is remarkable. We 
give a list of constraints on the input of a YMH model. They are necessary conditions for the 
existence of a corresponding CL model. 

4.1 The group 

The compact Lic group G dehning a Yang-Mills model must be chosen such that its Lie algcbra 
g admits an invariant scalar product. Theretore s is a direct sum of simple and abelian algebras. 
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After complexification, the simple Lie algebras are classified according to E. Cartan, into four 
infinite series, su{n + 1), n > 1, o{2n + 1), n > 2, sp{n), n > 3, o{2n), n > 4 and 
five exceptional algebras G^, P^, Eq, Ej, Eg. To define a CL model, we need a real or 
complex involution algebra A admitting a tinite dimensional, faitliful representation. Their 
classitication is easy. In the complex case, such an algebra is a direct sum of matrix algebras 
M„(c), n > 1. In the real case, we have direct sums of matrix algebras with real, complex 
or quaternionic coefficients, M„(r), M„(c), M„(IHI), n > 1. The corresponding groups of 
unitaries are 0{n,R), U{n), USp{n). Note the two isomorphisms, USp{2) = SU{2) and 
f/5p(4)/Z2 = S0{5,R). 

Let us outline the proof of the classitication. Since A has a faithful representation on a 



Hilbert space it is semi-simple ||T6[. Then ^ is a tinite sum of n x n matrices over tinite 
dimensional division algebras |T^. There are only three tinite, real division algebras, M, C and 
H 0. 

The groups accessible in a CL model therefore belong to the second, third, and forth Cartan 
series. Purthermore we have u{n) = su{n)(Bu{l). Up to the u{l) factor, this is the first series. At 
the group level, this factor is disposed of by a condition on the determinant. In the algebraic 
setting there is a similar condition, that reduces the group of unitaries to a subgroup, here 
SU{n). This condition is called unimodularity and is discussed in the next section. To sum up, 
all classical Lie groups are accessible in a CL model but the exceptional ones. 



4.2 The fermion representation 

In a YMH model, the left- and right-handed fermions come in unitary representations of the 
chosen group G. Every G has an intinite number of irreducible, unitary representations. They 
are classilied by their maximal weight. On the other hand, the above involution algebras A 
admit only one or two irreducible representations. The reason is that an algebra representation 
has to respect the multiplication and the linear structure, while a group representation has to 
respect only the multiplication. In particular, the tensor product of two group representations 
is a group representation, while the tensor product of two algebra representations is not an 
algebra representation, in general. 

The only irreducible representation of M„(c) as complex algebra is the fundamental one 
on Ti = C". Also M„(m) and M„(]Hl) have only the fundamental representations on = M"' 
and 7i = C" ® C^ while M„(c) considered as real algebra has two inequivalent, irreducible 
representations, the fundamental one: H = C", pi{a) = a, a E M„(c), and its conjugate: 
n = C", p2{a) = a. 

The proof of this classitication relies on the facts that the centers of the above algebras 
A = Mn{R), M„(C), M„(h) are the corresponding division algebras, M, C, M, and that the 
representations of A are classitied (up to equivalence) by the automorphisms of their centers 
(as real algebras). Thus M„(c) is the only case with two inequivalent representations (Skolem- 
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Noether theorem [0). 

Let us summarize. The only possible representations for fermions in a CL model are 

• for G = 0{n, R), N generations of the fundamental representation on = (8) R^, 

• for G = U{n) (or SU{n) ), N generations of the fundamental representation on 
H = and N generations of its conjugate on = C" C^. 

• for G = USp{n), N generations of the fundamental representation on = C" 

C^ (g) C^, 

In a YMH model with G = SU{2), the fermions can be put in any irreducible representations 
of dimension 1, 2, 3,... while in the corresponding CL model with ^ = 11, there is only one 
irreducible representation accessible for the fermions, the fundamental, two dimensional one. 
Similarly, in a YMH model with G = U{1) the fermions can have any (electric) charge from Z 
or even from R if we allow 'spinor' representations. In the corresponding CL model with A = C, 
fermions can only have charges plus and minus one. In any case, if we want more fermions in 
a CL model, we are forced to introduce families of fermions. 

4.3 The gauge coupling constants 

In a YMH model, the gauge coupling constants parameterize the most general gauge invariant 
scalar product on the Lie algebra g of G. In a CL model, see the rhs of equation (H), this 
scalar product is not general but comes from the trace over the fermion representation space 
7i, equation (^. The scalar product involves the positive operator z, that commutes with 
the internal Dirac operator and with the fermion transformations p{A) and that leaves T-Cl 
and T-Cr invariant. Depending on the details of the mass matrix and of the left- and right- 
handed representations pi and pr, the gauge coupling constants may be constraint or not. The 
examples of the last section will illustrate this point. 

4.4 The Higgs sector 

As explained in section 2, the scalar representation ps on Ti^ in a CL model is a representation 
of the group of unitaries only. This representation is not chosen but it is calculated as a lunction 
of the left- and right-handed fermion representations and of the mass matrix. As illustrated by 
the examples of section 3, the dependence of the scalar representation on this input is involved 
and we can make only one general statement: 

Hs C {HI^Hr) © {Wr^Hl). 

Nevertheless, this inclusion is sufiicient to rule out the possibility of spontaneous parity breaking 
in left-right symmetric models a la Connes-Lott ||13|| . 
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The Higgs potential as well, is on the output side of a CL model. Its calculation involves 
the positive operator z from the input and is by far, the most comphcated calculation in this 
scheme. We know that = —Mg is an absolute minimum of the Higgs potential. If it is 
non-degenerate, the gauge and scalar boson masses are determined by the fermion masses and 
the entries of z. See the last section for examples. 

Our last necessary condition concerns the Yukawa couplings. In a CL model, they are 
determined such that m is the fermionic mass matrix after spontaneous symmetry breaking. 
Up to the z dependent scalar normalization in the bosonic action (^, the Yukawa couplings 
are all one. Normalization details are relegated to the appendix. 

5 The unimodularity condition 

The purpose of the unimodularity condition is to reduce the group of unitaries \J(n) to its 
subgroup SU{n). At the group level, this is easily achieved by the condition det g = 1. However 
the determinant being a non-linear function is not available at the algebra level. We are lead 
to use the trace instead, together with the formula 

dete^-^ = e^-*"^^. 

Even in the inhnite dimensional case, the connected component of the unit in the group 
of unitaries G is generated by elements g = e^'^*"^, X = X* G A. The desired reduction is 
achieved by using the phase, defined by pO| 

where r is a linear form on A satisfying 

r(l) G Z, r(a*) = r(a)*, r(a) = T{g*ag), g e G, a e A'^ := {bb* , b E A}, 

and where g{t) is a curve in connecting the unit to g. We obtain the finite dimensional 
case above by putting r(a) = tr p(a) and g{t) = e^'^*"^*. The definition of the phase involves 
two choices, that are easily controlled in hnite dimensions: the most general linear form r can 
be written as r(a) = trp(ap), a E A, p E center^, and the ambiguity in the choice of the 
curve g{t) is controlled by the first fundamental group 7i^{G^) which is contained in Z, see table 
below. Therelore the unimodularity condition 

g27ri phase^ (g) _ 

is well dehned and delines a subgroup 

Gp:={geG°, e2«ph'^««t.p(.p)(9) = i| 
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of G^. For A = M„(c), n > 2, the center is spanned by 1„ and Gi = SU{n). The center of 
A = M„(C) © Mm(C), n,m > 2, is spanned by two elements, p„ and Pm, the projectors on 
M„(C) and on Mm(c). We have 

Gp^ = SUin) X f/(m), 
= Uin)xSUim), 
Gp^+p^ = S{U{n)xU{m)). 

We close this section with a remark: the described reduction of the group of unitaries G to a 
subgroup Gp is compatible with the model building kit of section 2. In particular 

'Dg, = 'Dgo = Vg (12) 

and the change of variables, equation (|^), is untouched. The proof of equations (|l^) is done 
case by case and is summarized in the following table. 



G 


Q0 


G/G^ 




Gyo' 


7ri(G0 


0(n, m) 


SO{n,R) 


{diag(-l,l,...,l),l„} 


SO{n,R) 


{In} 




U{n) 


U{n) 


{In} 


SU{n) 


\ p2TTi/n-\ 47ri/n-| n2ni/n-\ \ 
1 c ^ni^ ^ni---,^ ^n { 


{1} 


U Sp{n) 


U Sp{n) 


{l2n} 


U Sp{n) 


{Un} 


{1} 



All elements of G/G^ and G^/Gi are multiples of the identity except for 0{n,M) / SO{n,M). 
However, integrating p{g^^)Vp{g) iirst over the normal subgroup SO{n,R) yields a matrix 
whose blocks are already diagonal matrices. 

Thomas Schucker CPT, case 907 F-13288 Marseille cedex 9 tel.: (33) 91 26 95 32 fax: (33) 
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6 The standard model 

We would like to conclude by locating the standard model within the CL scheme. The peda- 
gogical example to illustrate the YMH model building kit is the Georgi-Glashow 5*0(3) model 



21| . Miraculously enough, the pedagogical example in the CL subkit is almost the Glashow- 
Salam-Weinberg model. Indeed, this example is the electro-weak algebra ^ = H © C, (group of 
unitaries G = SU{2) x U{1) ) represented on two generations of leptons, N = 2, 

Ul^c^ ® c^ nR = c® c^ 

With respect to the suggestive basis 



L V /i 



Pr 



of TYl © Tiij, the representation has the following matrix form, 

p(a, b) = { '^'"^^" ) , a em, be c. 
The internal Dirac operator is 



a ® Iat 
IIn 



V 



M 

M* 














with 



M, 



rrie 
m,. 



mp < m 



The most general positive 6x6 matrix z, that commutes with p{A) and with T> is 



/ 



V 



yi 

2/2 








yi 

2/2^/ 



with positive numbers yi and y^- Consequently the coupling constants of SU{2) and of 
f/(l) are related, 

cot^ 6*,,, 



^2 



^1=2, sin^ = 1/3. 
Details are given in the appendix. In this model, $ of equation (0) takes the form 



$ = i 







Vv^2 



® 1 



N 



M 







(13) 



and is parameterized by two functions pi^p^ '■ M ^ <C. Under gauge transformations, these 
transform as an SU (2) doublet 



<^2 



In terms of these parameters, the Higgs potential reads 



v{p>) = k{i 



m 



3 / 4 4\ 3 

K := - [yim^ + y^m^ 



L := y^ml + y^m^. 



2 ?/i + ?/2 



Note that the scalar fields (fi and Lp^ are not properly normalized, they are dimensionless. To get 
their normalization straight, we compute the factor in front of the kinetic term tr ( d$* * d$ z) 
in the Klein-Gordon action tr (D$* * z) as function of the variable (p. By inserting equation 
(P^) we obtain: 



tr (d$** d^z) = *2L\dpf. 



Likewise, we need the normalization of the gauge bosons and as shown in the appendix, we end 
up with the following mass relations: 



L 



niH = 



yi + y2 



yi + y2 



2\2 



2^ ^ 3^2 y2 (1 - ml/ml) 

L ^ yi {y^/yi + ml/ml) {y^/yi + 1) ' 



Consequently 



mg < mw < m^, 
mn < VS {m^ - m^) ■ 

We obtain a model with less constrained weak angle by slightly modifying this example. 
Let us represent the electro-weak algebra on one generation of leptons and one generation of 
(uncoloured) quarks. 



Ul = c^® t^r = (c e c) e c 



with suggestiye basis 

and representation 

p(a,6) :-- 



(a Q\ 

a 

5 

V0 6/ 



Ur-, 



(a,6)eH©C, B :-- 



b 
b 



We choose thc intcrnal Dirac operator: 

/ 



V 







m^ 




V 





md 













mu 
ma 











me 





(0 me) 

AU indicated fermion masses are supposed positive and different. Now, the most general scalar 
product on the differential algebra ^d^EI© C) is defined with the 7x7 matrix 

/xl2 0\ 

2/I2 

xl2 

V y/ 

with positive numbers x and y. In this example we get: 

x + y 



z = 



sin^ 9u; 



3x + 2y' 



00 



implying 



1 -20 1 

- < sm Uu, < -■ 
3 ""2 



This z is in the image of the center of 1I©C under p if and only iix = y and we have sin^ = 0.4. 

The drawback of these two examples — electrically charged neutrinos and up- and down- 
quark with opposite charges — is corrected by adding strong interactions. As strong interactions 
are vector-hke, this addition is immediate except for the fact that the representation of the left- 
handed quarks, (3, 2, in equation (^), is a tensor product. However, this is a tensor product 
of two representations of two unrelated algebras ( Ms^C) and H ) and as such, it can be included 
in the CL scheme by generalizing the representations to bimodules |2^. A bimodule is a pair 
of algebras, each represented on a common Hilbert space, such that the two representations 
commute. The constraints indicated in section 4 remain otherwise unaffected and for the 
standard model, they can be stated as follows. The scalar representation is one weak isospin 
doublet, implying a mass ratio for the W and Z bosons given by the p factor 



p:= =1. 

m| cos^ 9^ 



With the general scalar product (|g), the other constraints read 

rrit > niw > 



rriH 



{mt/mwY + 2{mt/mwY - 1 
\ ' {mt/mwf + 3 "^^' 



■ 2n 2 ml 

sm. 6,,, < 



3 m| + mw 

For the more restricted scalar product coming from the center, the constraints are tighter: 

mt = 2mw, 
mu = 3.14m^y, 

sin^ < — = 0.533. 
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7 Appendix 

This appendix collects our normalization conventions of a YMH model in a spacetime of sig- 
nature H . Let y?, ■?/', and W be complex fields of spin 0, 1/2, and 1. The kinetic 

oo 



terms determine the normalization of the helds in the Lagrangian and the masses and couphng 
constants are dehned with respect to this normahzation. With h — c — 1, the Lagrangian is 



1 1 



Note thc one half in front of the scalar Lagrangian, i.e. we decompose the complex scalar into 
real helds as ip = Re(^ + ilm.(p. We use the toUowing dehnitions: 



Our gamma matrices are , 



ljj3{x) 



- ^^d,i), := {r,. ^2, rs, r^) f- 



7 := 



/1 








\ 





1 














-1 





Vo 








-1/ 


/ 








-i\ 








i 








i 









7 



7 



/ 










1\ 










1 










-1 








V-i 










0/ 








1 




\ 













-1 


-1 
















1 







/ 



V-i / 

They satisfy the anticommutation relation ^^^^^ -\-Y^t^ — ^rj^'^!^ with the flat Minkowski metric 



/1 













-1 














-1 





Vo 








-1/ 



We take 








1 













1 


1 











Vo 


1 





0/ 



• n 1 2 s 
75 «7 7 7 7 



such that 75 = I4. 75 anticommutes with all other gamma matrices, 7^75 + 757^^ = 0. With 
thc dehnitions 



/ I4-75 , , I4 + 75 , 
V>L-^ — 7; — ip, Wr-^ — 7, — W 



the free Dirac Lagrangian reads 



O/l 



In Euclidean spacetime, the Dirac Lagrangian written in this chiral form vanishes identically 
and the fermions have to be doubled. With 



W^, := d^W, - d^W^, 
the free part of the Yang-Mills Lagrangian becomes 

The coupUngs of thc gaugc bosons to scalars and fermions in their rcspcctivc rcprcscntations arc 
introduccd through thc covariant dcrivativcs, whilc thc sclf couphngs of thc gaugc bosons come 
from thc ficld strcngth. All thcir coupling constants dcrivc from thc choicc of onc invariant 
scalar product on thc Lic algcbra. Amazingly cnough, thc paramctrisation of this scalar product 
seems uniform in the literature, at least for the classical groups, 

(6,6') := ^hh\ h,h' e u{l), 
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(a, a') := —tr (a*a'), a,a'esu{n). 

9n 

The gauge bosons sit in a l-form A — A^ dx^ with values in the Lie algebra and the Yang-Mills 
Lagrangian reads 

with the field strength F = 1/2 da;^ dT", F^^ = d^A^ - d^A^ + [A^,, A^\ . 

As an illustration, let us considcr thc standard model of electro-weak interactions with 
G = SU{2) X U{1), one doublet of scalars ip and Higgs potential 

V{^) = A(^V)2 - ^(95». (14) 
Pirst we choose the electric charge generator Q: 

iQ := i (^g2 sin 9^^ -1/2 ) ' ^"') ' 

a normalized vector in the Cartan subalgebra of g = su{2) © u{l) spanned by the weak isospin 
and hypercharge, 

f -i°/2)-°)- y 

We complete i(5 to an orthonormal basis of of eigenvectors of [Q,-] 

Z := i (g2 cos 0^, "^^^ -1/2 ) ' ^"^) ' 



-^3 := M 92 



The eigenyalues are and igi^ sin =: ±e. The multiplet of gauge bosons is now written as 

A,{x) - 7^(x) iQ + z^{x) z + ^ {w,{x) 7+ + w;{x) r) , 

where the photon 'y^{x) and thc Z^{x) are real helds while the W is complex. 
The scalar helds sit in a SU{2) doublet with hypercharge ys — —1/2: 

ps{a, b)ip = {a + ysbh) ae su{2), b e u{l). 

ps denotes the Lie algebra representation. In order to keep the photon massless, we must choose 
gi such that one of the scalars has zero electric charge, 

-ps{iQ) 
i 



-e 



This imphes 

gi sin 



g2 cos 

The gauge bosons masses come from the absolute value squared of the covariant derivative of 
the vacuum v. Since v satisfies = //^/(4A) we choose 



1 Uj^ 
2\l X 





and obtain 



l \ps{AM' = \m\Z,Z^ + lm'^W;W^ 



with 



mw — 92 ^r- and mw — cosOyjm^. 
4vA 

To compute the mass of the physical, real Higgs scalar H, we change variables in the Higgs 
potential. 



(fi = v + 

and obtain 



H{x)+ihz{x) 
hw{x) 



V{{p{x)) = V{v) + -m\jH^{x) + terms of order 3 and 4 in H{x), hz{x), hw{x). 



with 

mH = \/2/i. 

We come back to the hrst CL example of section 6. If we write uj = 1/2 u;^,^ dx'^ G f2^M 
then uj * uj = 1/2 00^^00^" dx^ dx^ da;^ dx^. Consider the Yang-Mills Lagrangian in equation (|^) 
on Minkowski space, 

- tr [p(F) * p{F) z\ = tr [p(F^^)p(F'^'') z] dx° dx^ dx^ dxl 
This term is nothing else but —1/4 (F^,^, F'^''). Hence 

i tr (p(a, 6)*p(a', h') z) = ]^ii {a*a'){y^ + y^) + 66'(yi + y^) 



is by comparison equal to 



1 1/2 1 

- ((a, 6), (a', 6')) = T — tr (a*a') + - 
^ \92 9i 



Consequently 



2 1 1 2 

= o7 ] V' 92 



2(?/l + ?/2)' (1/1+ ?/2)' 

and sin^ 9^ = 1/3. The remaining two pieces of the Euclidean Lagrangian (^) read in Minkowski 
space 

2L\id, + piA,))^\'-K{l-\ip\')\ 
and after the proper rescaling of the scalar 

i|(a„ + p(A.)Vr-/<- + ifM^-^M*. 

Comparing with equation (0) we have 



16L^' ^ - L 



and 



= 9l^ = ^ , m^ = 2p2 = 2:^. 
16A yi+y2 L 
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